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⇑ Corresponding author. Tel.: +49 (0)89 60042494;
E-mail address: alexander.lion@unibw.de (A. Lion)In order to represent the chemical ageing behaviour of rubber under ﬁnite deformations a three-dimen-
sional theory is proposed. The fundamentals of this approach are different decompositions of the defor-
mation gradient in combination with an additive split of the Helmholtz free energy into three parts. Its
ﬁrst part belongs to the volumetric material behaviour. The second part is a temperature-dependent
hyperelasticity model which depends on an additional internal variable to consider the long-term degra-
dation of the primary rubber network. The third contribution is a functional of the deformation history
and a further internal variable; it describes the creation of a new network which remains free of stress
when the deformation is constant in time. The constitutive relations for the stress tensor and the internal
variables are deduced using the Clausius–Duhem inequality. In order to sketch the main properties of the
model, expressions in closed form are derived with respect to continuous and intermittent relaxation
tests as well as for the compression set test. Under the assumption of near incompressible material
behaviour, the theory can also represent ageing-induced changes in volume and their effect on the stress
relaxation. The simulations are in accordance with experimental data from literature.
 2012 Elsevier Ltd. All rights reserved.1. Introduction fects but it is apparent that both types of ageing can take placeBoth the constitutive representation and the numerical simula-
tion of the long-term behaviour of elastomers are of substantial
interest for industrial development processes. Representative
examples encompass the lifetime estimation of shock absorbers,
engine mounts or sealings under thermomechanical loadings and
environmental inﬂuences. If mechanical loadings are in the centre
of interest, the subject matter is known as fatigue or durability (e.g.
Flamm et al., 2011) but if thermal loads or environmental inﬂu-
ences are considered the topic is denoted as ageing. In order to
introduce a categorisation, it is common practice to distinguish be-
tween physical and chemical ageing. Physical ageing, which is not
considered in this work, is related to molecular rearrangements. It
leaves the chemical structure of the material unaffected and is
reversible under sufﬁcient high temperatures in the neighbour-
hood of the glass transition (e.g. Greiner and Schwarzl, 1989 or
Lion et al., 2011). In contrast to this, chemical ageing is a distinctive
irreversible process: existing chemical bonds can be cracked and
new bonds can be created. It takes place under sufﬁcient high tem-
peratures or under the inﬂuence of radiation and chemicals (e.g.
Tobolsky, 1967; Shaw et al., 2005; Baaser and Ziegler, 2006; Duarte
and Achenbach, 2007; Budzien et al., 2008; Petrikova et al., 2011 or
Johlitz et al., 2011 among many others). The current article deals
only with the constitutive representation of chemical ageing ef-ll rights reserved.
fax: +49 (0)89 60042386.
.simultaneously. In the case of elastomers which are normally ap-
plied above their glass transition temperature, chemical ageing
happens on much larger time scales than physical ageing but the
ratio between both depends on the composition of the material
(e.g. Budzien et al., 2008).
As it is well-known, the presence of oxygen is a prerequisite for
the chemical ageing of rubber (cf. Blum et al., 1951; Tobolsky,
1967; Shaw et al., 2005 or Steinke et al., 2011). In order to rule
out that the diffusion of oxygen becomes the limiting factor for
the ageing process the test specimens have to be sufﬁciently thin,
i.e. of about 1 mm or thinner (see Blum et al., 1951). In this case,
there is sufﬁcient oxygen available and its distribution is homoge-
neously such that the ageing process is not limited by diffusion.
This hypothesis is assumed for the considerations in the current
paper. If this condition is not satisﬁed, the oxygen diffusion must
be taken into account as realised, for example, by Shaw et al.
(2005) or Steinke et al. (2011).
In order to study the chemical ageing behaviour of elastomers
with regard to their mechanical properties, there are three estab-
lished experimental procedures: the continuous relaxation, the
permanent set and the intermittent relaxation test. Since these
tests are carefully described in literature (e.g. Smith, 1993; Gillen,
1988; Tobolsky, 1967; Dunn et al., 1959 or Ore, 1959) they are only
shortly sketched:
 Continuous relaxation: This experiment corresponds to a clas-
sic relaxation test with a much longer duration. Both the tem-
perature and the stretch of the specimen are kept constant
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recorded. The typical duration of such experiments is about sev-
eral weeks or months and thus much larger than that of stan-
dard relaxation tests with durations of several minutes or hours.
 Permanent set: The ﬁrst segment of this test is similar to the
continuous relaxation test. The permanent set which belongs
to a given ageing time, temperature and stretch is determined
when the specimen is mechanically unloaded after the relaxa-
tion. Then, the ﬁnal length is measured and compared with
the specimen length under which the relaxation was performed
and its initial length prior to the test.
 Intermittent relaxation: This is the most complex experiment.
At ﬁrst, the specimen is isothermally aged for a given time
under stress-free conditions. Then, the specimen is deformed
rapidly just until the prescribed stretch is reached. It is kept
constant for a sufﬁcient duration, the short-term stress relaxa-
tion is measured and the equilibrium stress is determined. After
this, the ageing process is continued and the relaxation is mea-
sured again. This procedure is repeated several times.
The fundamental ideas behind these tests as well as their phys-
icochemical interpretation go back to early contributions of An-
drews et al. (1946), Scalan and Watson (1957), Ore (1959) or
Tobolsky (1967) and other researches which were active in this
epoch. Since chemical ageing is the consequence of both chain-
scission and the creation of new crosslinks, rubber can become
harder or softer during the ageing process (e.g. Andrews et al.,
1946 or Tobolsky, 1967).
In most cases, a monotonic stress decrease is observed during
the continuous relaxation test. The physical reason is the fact, that
the change in the stress is mainly determined by chain-scissions of
the primary network. This process is thermally activated and fre-
quently described by standard or modiﬁed Arrhenius functions
(see e.g. Tobolsky, 1967; Shaw et al., 2005 or Duarte and Achen-
bach, 2007). However, a pure decrease in the stress is only ob-
served when two conditions are satisﬁed: the formation of the
second newly formed network must not lead to shrinkage and
the stiffness, which is added to this network, must not be too high.
Andrews et al. (1946) or Gillen (1988) have observed that there are
certain elastomers which exhibit a pronounced non-monotonic
stress response during the continuous relaxation tests.
The mechanical behaviour of chemically aged rubber under
short-term loadings, for example during intermittent relaxation
experiments, is determined by both the newly created and the
degenerating initial network. Following Tobolsky (1967), Duarte
and Achenbach (2007) or Budzien et al. (2008), the newly created
network can be assumed to be free of stress when the deformation
is constant in time and the crosslink creation is not accompanied
by shrinkage – but it contributes to the stress when the deforma-
tion is varied. For details in this context, the reader is referred to
Tobolsky (1967), Septanika and Ernst (1998a,b), Achenbach and
Duarte (2003), Duarte and Achenbach (2007), Shaw et al. (2005)
or Budzien et al. (2008) as well as to the references therein.
In order to simulate the chemical ageing behaviour of rubber in
continuum mechanics there is a limited number of constitutive
models in literature. They are mainly based on the original idea
proposed in Andrews et al. (1946) and assume the coexistence of
a degenerating and a newly created network in combination with
the hypothesis of incompressibility. In Septanika and Ernst
(1998a,b), a kinematic formulation is developed to transfer this
idea to large, time-dependent deformations. To this end, the con-
cept of the relative deformation gradient which maps material tan-
gent vectors between a previous and the current conﬁguration was
applied. A deﬁcit of the model proposed by Septanika and Ernst
(1998a) is the mathematical formulation of the free energy and
the stress because both are expressed as sums over discrete timesteps. The approach proposed by Budzien et al. (2008) is formu-
lated similarly. Such a deﬁcit does not appear in the models pub-
lished by Huntley et al. (1996), Shaw et al. (2005), Wineman
(2005), Wineman and Shaw (2007) or Duarte and Achenbach
(2007) in which the stress tensor is a rate-independent functional
which depends on the continuous time variable. In order to repre-
sent network creation processes in the framework of a ﬁnite strain
theory, a very attractive model of rate-independent hypoelasticity
has been developed by Hossain et al. (2009); its motivation is given
in Hossain et al. (2008) and an interesting application to the ther-
mo-oxidative ageing behaviour of rubber in Steinke et al. (2011).
The main advantage of this concept is the explicit formulation of
the speciﬁc free energy and the veriﬁcation of the thermodynamic
consistency.
In the present article, an extension of the existing ageing mod-
els is proposed. It is based on an explicit expression for the speciﬁc
Helmholtz free energy which is the sum of three parts. Its ﬁrst con-
tribution is attributed to the volumetric behaviour of the chemi-
cally ageing elastomer and allows the representation of ageing-
induced shrinkage effects. The second contribution is an arbitrary,
temperature-dependent strain energy density which depends on
an additional internal variable to take the chain-scissions of the
primary network into account. Its third part is a rate-independent
functional of the deformation history which depends on a further
internal variable to describe the formation of the new network
and on the temperature.
The current paper is organised as follows. In the next section,
the kinematic fundamentals are provided. In Section 3, the consti-
tutive model is formulated in a general form and in Section 4 it is
evaluated for various isothermal processes under simplifying
assumptions. This article is closing with a comprehensive discus-
sion of the newly obtained results in Section 5. Lengthy mathemat-
ical calculations are shifted to the appendix.
2. Fundamentals
For the development of the model, the kinematic relations are
formulated in the style of Haupt and Lion (2002) or Lion et al.
(2009). In order to allow for a separate treatment of changes in
shape and in volume as proposed by Flory (1961), the deformation
gradient F is decomposed into a volumetric part F ¼ J1=31 with
J = detF and a unimodular contribution bF ¼ J1=3F:
F ¼ FbF ð1Þ
Using this approach, the unimodular right Cauchy Green tensor
bC ¼ bFTbF ¼ J23FTF ¼ ðdetCÞ13C; ð2Þ
the related Green strain tensor
bE ¼ 1
2
ðbC  1Þ ð3Þ
and the corresponding Piola strain tensor
e^ ¼ 1
2
ðbC1  1Þ ð4Þ
are deﬁned. According to Lion et al. (2009), the relative isochoric
deformation gradient is introduced:bFtðsÞ ¼ bFðsÞbF1ðtÞ ð5Þ
It maps material tangent vectors from the current conﬁguration at
the time t to a previous conﬁguration at the time s 6 t. This formu-
lation corresponds to that applied in Truesdell and Noll (1992). It
should be mentioned that the deﬁnition used in Septanika and Ernst
(1998a), Drozdov (1997, 1998) or Wineman (2005) maps the tan-
gent vectors from a previous to the current conﬁguration and is
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Cauchy Green tensor as well as the related Green and the Piola
strain tensors are deﬁned:bCtðsÞ ¼ bFTt ðsÞbFtðsÞ ¼ bFT1ðtÞbCðsÞbF1ðtÞ ð6ÞbEtðsÞ ¼ 12 ðbCtðsÞ  1Þ ¼ bFT1ðtÞðbEðsÞ  bEðtÞÞbF1ðtÞ ð7Þ
e^tðsÞ ¼ 12 ð
bC1t ðsÞ  1Þ ¼ bFðtÞðe^ðsÞ  e^ðtÞÞbFTðtÞ ð8Þ
The relative strain tensors deﬁned in (7) and (8) possess the follow-
ing properties:
e^tðtÞ ¼ 0; bEtðtÞ ¼ 0
d
ds
e^tðsÞ ¼ bFðtÞe^0ðsÞbFTðtÞ; dds bEtðsÞ ¼ bFT1ðtÞbE 0ðsÞbF1ðtÞ
d
ds
trðe^tðsÞÞ ¼ e^0ðsÞ  bCðtÞ; dds trðbEtðsÞÞ ¼ bE0ðsÞ  bC1ðtÞ
_^eðtÞ  bCðtÞ ¼ 0; _bEðtÞ  bC1ðtÞ ¼ 0
ð9Þ
Introducing the fourth order projection tensors 1
P
4
AðtÞ ¼ ðdetCÞ1=3 ð1 1ÞT23  13C
1  C
 
; ð10Þ
P
4
BðtÞ ¼ ðdetCÞ1=3 ðC1  C1ÞT23  13C
1  C1
 
ð11Þ
which depend on the Right Cauchy Green tensor at the time t, the
following relations can be veriﬁed:
e^0ðsÞ  _bCðtÞ ¼ e^0ðsÞ  d
dt
ððdetCÞ1=3CÞ ¼ P
4
AðtÞe^0ðsÞ
 
 _CðtÞ ð12Þ
bE 0ðsÞ  ðbC1ðtÞÞ ¼ bE0ðsÞ  d
dt
ððdetCÞ1=3C1Þ ¼ P
4
BðtÞbE0ðsÞ   _CðtÞ ð13Þ
For the considerations in the next sections, the second law of ther-
modynamics in the form of the Clausius–Duhem inequality is
needed (see e.g. Haupt (2002)). It states that the speciﬁc dissipation
has to be non-negative for arbitrary thermomechanical processes:
qR _wþ eT  _E qRs _h q*R  g*Rh P 0 ð14Þ
The scalars h, s, qR and w are the thermodynamic temperature, the
entropy per unit mass, the mass density of the material in the ref-
erence conﬁguration and the Helmholtz free energy per unit mass;
the tensors eT and E are the second Piola Kirchhoff stress and the
Green strain; q
*
R is the heat ﬂux vector and g
*
R ¼ GradhðX
*
; tÞ the
temperature gradient.
3. Constitutive model
In order to represent chemical ageing of elastomers, both the
scission reactions of the primary network and the crosslink reac-
tions which create the second network have to be considered. To
this end, two internal state variables are introduced. Their tempo-
ral evolution is deﬁned by a system of temperature– and strain-
dependent differential equations:
_qðtÞ ¼ fqðE; h; q;pÞ with qð0Þ ¼ 0 ð15Þ
_pðtÞ ¼ fpðE; h; q; pÞ with pð0Þ ¼ 0 ð16Þ
The variable 0 6 q 6 1 describes the scission reactions and 0 6 p 6 1
the crosslinking process. Their vanishing initial values are related to
the unaged state of the material. In the long-term limits of q = 1 and
p = 1 the elastomer is fully aged. As discussed by Tobolsky (1967),1 (A  B)T23C = ACBT, (A  B)C = (B  C)A, 1 is the second order unit tensor, the dot
denotes the scalar product between two second order tensorsthe chain-scissions can become strain-dependent when the strains
are extremely large (cf. Scheele and Hillmer, 1964). Since the scis-
sion and crosslinking reactions can depend on each other, a cou-
pling between (15) and (16) is considered. If the chemical ageing
process is limited by the local oxygen concentration, for example
in the interior of a rubber part with large geometric dimensions,
then (15) and (16) depend on the oxygen concentration as further
argument. In Shaw et al. (2005) or Steinke et al. (2011), a reaction
diffusion equation is used to compute the local oxygen concentra-
tion in the rubber part.
Taking the physical interpretation of chemical ageing of elasto-
mers into account (Andrews et al., 1946; Tobolsky, 1967; Shaw
et al., 2005 or Duarte and Achenbach, 2007), the speciﬁc Helmholtz
free energy per unit mass is assumed to be the sum of three parts:
w ¼ wvol þ w þ wþ ð17Þ
Its ﬁrst part depends on the volumetric deformation, the tempera-
ture and the internal variables which describe the chemical reac-
tions during the ageing process:
wvol ¼ wvolðJ; h; q; pÞ ð18Þ
In order to take changes in volume during the scission and cross-
linking reactions into account, the dependence on q and p is intro-
duced. Corresponding experimental data which belongs to
continuous relaxation tests and exhibit a pronounced stress in-
crease after certain duration is provided in Andrews et al. (1946).
The stress increase is interpreted as a volumetric shrinkage effect.
The second contribution is the free energy of the original entro-
py elastic network. It decreases during the ageing process and de-
pends on the isochoric part of deformation, the temperature and
the internal variable q which takes the chain-scissions into
account:
w ¼ wðbE; h; qÞ with @w@q 6 0 ð19Þ
If this network is incapable to sustain any stresses in the fully aged
state of the material, the asymptotic limit of the partial derivative
lim
q!1
@w
@E
¼ 0
has to vanish. Otherwise, the network possesses a residual stiffness
such that the limit should be different from zero.
The third contribution to the free energy (17) is a functional in
explicit form. It belongs to the newly created network which re-
mains free of stress if the deformation is constant in time:
wþ ¼ 
Z t
1
GAþðhðtÞ;pðsÞÞ
d
ds
trðe^tðsÞÞ þ GBþðhðtÞ;pðsÞÞ
d
ds
trðbEtðsÞÞ ds
ð20Þ
The dependence of (20) on the current temperature takes the en-
tropy elasticity into account. The increasing stiffness of this net-
work is modelled by the scalar material functions GAþ and G
B
þ.
They depend on temperature and on p and possess the following
properties:
GAþðh;pÞ; GBþðh; pÞP 0 and
@GAþ
@p
;
@GBþ
@p
P 0 ð21Þ
Since this network is not present when the elastomer is in the virgin
or unaged state, the following conditions hold:
GAþðh;0Þ ¼ 0 and GBþðh;0Þ ¼ 0 ð22Þ
Calculating the material time derivatives of (18) and (19) leads to
the following expressions:
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@J
C1  _Eþ @wvol
@h
_hþ @wvol
@q
_qþ @wvol
@p
_p ð23Þ
_w ¼ @w
@E
 _Eþ @w
@h
_hþ @w
@q
_q ð24Þ
Differentiating the third contribution (20) with respect to time and
consideration of (9), (12) and (13) leads to the following relation:
_wþ ¼
Z t
1
GAþðhðtÞ;pðsÞÞP
4
AðtÞe^0ðsÞþGBþðhðtÞ;pðsÞÞP
4
BðtÞbE 0ðsÞ ds  _C

Z t
1
@GAþðhðtÞ;pðsÞÞ
@h
e^0ðsÞ  bCðtÞþ@GBþðhðtÞ;pðsÞÞ
@h
bE 0ðsÞ  bC1ðtÞ !ds _h
ð25Þ
Inserting the sum of (23)–(25) into the Clausius–Duhem inequality
(14), considering _C ¼ 2 _E and rearranging the terms, yields the fol-
lowing intermediate result:
eT  qR J @wvol@J C1  qR @w@E þ 2qR
Z t
1
GAþðh;pðsÞÞP
4
Ae^0ðsÞ

þGBþðh; pðsÞÞP
4
B
bE 0ðsÞds  _E qR sþ @wvol@h þ @w@h


Z t
1
@GAþðh;pðsÞÞ
@h
e^0ðsÞ  bCðtÞ þ @GBþðh;pðsÞÞ
@h
bE0ðsÞ  bC1ðtÞ !ds! _h
 qR
@w
@q
þ @wvol
@q
 
_q qR
@wvol
@p
_p q
*
R  g
*
R
h
P 0
Applying standard methods to evaluate this inequality (see e.g.
Haupt (2002)) the factors of _h and _E have to be zero. Then, the fol-
lowing expressions for the second Piola Kirchhoff stress tensor and
the speciﬁc entropy are obtained:
eT
qR
¼ J@wvol
@J
C1þ@w
@E
2 P
4
A
Z t
1
GAþðh;pðsÞÞe^0ðsÞdsþP
4
B
Z t
1
GBþðh;pðsÞÞbE0ðsÞds ð26Þ
s¼@wvol
@h
@w
@h
þ
Z t
1
@GAþðh;pðsÞÞ
@h
e^0ðsÞ  bCðtÞþ@GBþðh;pðsÞÞ
@h
bE 0ðsÞ  bC1ðtÞ !ds ð27Þ
The resulting residual inequality reads as
qR
@w
@q
þ @wvol
@q
 
_q qR
@wvol
@p
_p q
*
R  g
*
R
h
P 0: ð28Þ
Sufﬁcient conditions satisfying (28) are given by the following
relations:
q
*
R ¼ jg
*
R; jP 0 ð29Þ
@w
@q
þ @wvol
@q
6 0 and f q P 0 ð30Þ
@wvol
@p
6 0 and f p P 0 ð31Þ
The most general formulation of the model is deﬁned by (26), (27)
and (29) in combination with (15) and (16). Relations (30) and (31)
make sure that the free energy remains constant or decreases when
q and p increase.
In order to take the entropy elasticity of the two networks in a
simpliﬁed manner into account the following functions are as-
sumed to depend linearly on the absolute temperature:
wðbE; h; qÞ ¼ hhRuðbE; qÞ ð32Þ
GAþðh;pÞ ¼
h
hR
gAþðpÞ and GBþðh;pÞ ¼
h
hR
gBþðpÞ ð33Þ
The constant hR is an arbitrary reference temperature. It should be
sufﬁciently far above the glass transition temperature of the mate-
rial under consideration.Remark. A fundamental result of the statistical thermodynamics
of entropy elastic Gaussian networks is the proportionality of the
speciﬁc free energy to both the absolute temperature and the ﬁrst
invariant of the Cauchy Green tensor (cf. Wall and Flory, 1951;
James and Guth, 1953; Tobolsky et al., 1961 or Treloar, 1975). This
outcome leads to a linear temperature-dependent stress–strain
relation of the Neo-Hookean type. The phenomenological approach
deﬁned by (32) and (33) leads also to linear temperature-depen-
dent stress–strain relations but exhibits a more general depen-
dence on the deformation and has no interpretation in terms of
statistical thermodynamics.
If F(s)  1 for s 6 0 is assumed, the relations for the second Piola
Kirchhoff stress (26) and the speciﬁc entropy (27) can be
reformulated:
eT ¼ qRJ @wvol@J C1 þ qR hhR @u@E  2 P4 A eQ A þ P4 B eQ B
  
ð34Þ
s ¼  @wvol
@h
þ 1
hR
ð eQ A  bC þ eQ B  bC1 uÞ ð35Þ
eQ AðtÞ¼Z t
0
gAþðpðsÞÞe^0ðsÞds()
_eQ A¼gAþðpðtÞÞ _^e with eQ Að0Þ¼0 ð36Þ
eQ BðtÞ¼Z t
0
gBþðpðsÞÞbE0ðsÞds() _eQ B¼gBþðpðtÞÞ _bE with eQ Bð0Þ¼0 ð37Þ
The auxiliary variables eQ A and eQ B are second order tensors; they
are computed by solving the differential equations on the right-
hand side of (36) and (37). Due to their homogeneous dependence
on the time-rate they deﬁne a rate-independent functional.
Remark. In order to illustrate the elastic behaviour of the newly
created network under short-term loads, some simpliﬁcations are
made. Since chemical ageing proceeds much slower than typical
mechanical processes, it is assumed that the internal variables are
constant during the application of the load: q(t) = q0 and p(t) = p0.
This takes place, for example, if a specimen is ﬁrstly aged under
stress-free conditions. After this, a short-term mechanical test is
driven to investigate the ageing-induced change in the stiffness.
Under these hypotheses in combination with the abbreviations
gAþðp0Þ ¼: gAþ0 and gBþðp0Þ ¼: gBþ0, (36) and (37) can be solved:
eQ A ¼ gAþ0e^ and eQ B ¼ gBþ0bE
Considering the projection tensors deﬁned in (10) and (11) the fol-
lowing results are found:
P
4
A
eQ A ¼  gAþ02 J2=3 1 13 ðC  1ÞC1
 
P
4
B
eQ B ¼ gBþ02 J2=3 C2  13 ðC1  1ÞC1
 
Inserting these expressions into (34) and calculating the Cauchy
stress using
T ¼ 1
J
FeTFT ð38Þ
the following relation is obtained:
T
qR
¼ @wvol
@J
1þ h
hR
F
@
@E
uðbE; q0ÞFT þ J5=3gAþ0 B ðB  1Þ3 1
 
J1=3gBþ0 B1 
ðB1  1Þ
3
1
 !!
As can be seen, the contribution of the secondary, newly formed
network to the short-term stress response is of the Mooney–Rivlin
type. The material parameters gAþ0 and g
B
þ0 depend on the corre-
sponding state of the material after the long-term ageing process.
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In order to ﬁgure out the physical properties of the developed
theory, a few technical relevant examples are calculated in this
section.
4.1. Ageing-induced volume change
For the purpose of representing ageing-induced changes in vol-
ume, the compressibility of the elastomer is taken into account and
the volumetric part (18) of the free energy is speciﬁed. To this end,
a quadratic approximation of (18) in the vicinity of the unaged
state of the material is applied (cf. Lion et al., 2010). This state is
deﬁned by J = 1, q = 0 and p = 0:
wvol ¼ wvol0 þ aðJ  1Þ þ bqþ cpþ
d
2
ðJ  1Þ2 þ e
2
q2 þ f
2
p2
þ gpqþ ðJ  1Þðhqþ kpÞ ð39Þ
The coefﬁcients wvol0, a, b, c, d, e, f, g, h, k are constants or temper-
ature-dependent material functions; d > 0 is the bulk modulus. In
order to make sure that (39) is compatible with (30) and (31) the
conditions
@wvol
@p
¼ c þ fpþ gqþ kðJ  1Þ 6 0
@wvol
@q
¼ bþ eqþ gpþ hðJ  1Þ 6 0
have to be satisﬁed for 0 6 q 6 1, 0 6 p 6 1 and small variations of J
in the vicinity of J = 1. This leads to b, c, e, f, g 6 0; the coupling coef-
ﬁcients h and k cannot be restricted because J  1 can be zero, po-
sitive or negative. It should be mentioned that the approximation
(39) is applicable only for small changes in volume.
In the case of a pure volume deformation the deformation gra-
dient is proportional to the unit tensor and can be written as
follows:
F ¼ J1=31
This leads to e^ðsÞ ¼ 0 and bEðsÞ ¼ 0. Considering this in combination
with (34), (36), (37) and (38), the Cauchy stress is equal to
T ¼ qR
@wvol
@J
1: ð40Þ
In order to guarantee that the stress tensor is zero for J = 1 in the un-
aged state of the material, the partial derivative
@wvol
@J
¼ aþ dðJ  1Þ þ hqþ kp
has to vanish for J = 1, q = 0, p = 0 which leads to a = 0. In view of this
outcome and the assumption of stress free boundary conditions,
T = 0, the ageing-induced volume change can be computed:
0 ¼ qR
@wvol
@J
1) J ¼ 1 1
d
ðhqþ kpÞ ð41Þ
As the expression on the right-hand side of (41) shows, the volume
change can either be zero, positive or negative in dependence on the
numerical values of the coupling coefﬁcients h and k between the
internal variables and J  1. Ageing-induced shrinkage which is
caused by the crosslinking reaction of the secondary network can
be modelled by setting h = 0 and k > 0.
4.2. Incompressible formulation of the model
In order to talk about further properties of the theory, addi-
tional assumptions are introduced with regard to the material
functions. To this end, a Mooney–Rivlin model with variable,ageing-dependent elasticity coefﬁcients is applied for the primary
network:
uðbE; qÞ ¼ c1ðqÞ2 ðtrðbCÞ  3Þ þ c2ðqÞ2 ðtrðbC1Þ  3Þ ð42Þ
) @u
@E
¼ c1ðqÞJ2=3 1 ðC  1Þ3 C
1
 
 c2ðqÞJ2=3 C2  ðC
1  1Þ
3
C1
 !
ð43Þ
In order to reduce the mathematical complexity, the incompress-
ibility constraint is introduced such that the volumetric part of
the free energy (18) does not depend on J. Then, the ﬁrst term
in (34) must be replaced by the constitutively undetermined
reaction stress pincC1 in which pinc is a Lagrange multiplier.
In combination with two additional evolution equations for the
variables q and p, the total set of equations for the second Piola
Kirchhoff stress, the speciﬁc entropy and the internal variables
reads as follows:
eT ¼ pincC1 þ eTE ð44ÞeTE ¼ qR hhR c1ðqÞ 1 ðC  1Þ3 C1
 
 c2ðqÞ C2  ðC
1  1Þ
3
C1
 ! 
2 P
4
A
eQ A þ P4 B eQ B  ð45Þ
s ¼  @wvol
@h
þ 1
hR
eQ A  Cþ eQ B  C1  c1ðqÞ2 ðtrðCÞ  3Þ

þ c2ðqÞ
2
ðtrðC1Þ  3Þ

ð46Þ
_eQ A ¼ gAþðpÞ _e; eQ Að0Þ ¼ 0 ð47Þ
_eQ B ¼ gBþðpÞ _E; eQ Bð0Þ ¼ 0 ð48Þ
_q ¼ vqe
Eq
Rhð1 qÞ; qð0Þ ¼ 0 ð49Þ
_p ¼ vpe
Ep
Rhð1 pÞ; pð0Þ ¼ 0 ð50Þ
c1ðqÞ ¼ c10ð1 qÞ ð51Þ
c2ðqÞ ¼ c20ð1 qÞ ð52Þ
gAþðpÞ ¼ gA0p ð53Þ
gBþðpÞ ¼ gB0p ð54Þ
For simpliﬁcation, the functions c1(q), c2(q), gAþðpÞ and gBþðpÞ which
describe the elastic behaviour of the two networks during the
chemical ageing process are assumed to be linear. This choice was
made to illustrate some fundamental properties of the theory but
has no physicochemical background. If real materials are investi-
gated with respect to their chemical ageing behaviour, it can hap-
pen that these functions depend in a completely different manner
on the variables q and p. Following the argumentation of Tobolsky
(1967), the evolution Eqs. (49) and (50) which model the chain-scis-
sion and crosslinking reactions are linear and exhibit temperature
dependences of the Arrhenius type. It should be remarked that
Tobolsky has only considered the coefﬁcient Eq. (51) in his theory
of rubber ageing because it has a clear physical interpretation in
terms of the network density.
4.3. Uniaxial version of the model for tension/compression processes
The properties of the developed theory, which depend on both
the mechanical loading history and the temperature, are illustrated
in the following for continuous and intermittent relaxation as well
as for the permanent set test under isothermal tension/compres-
sion. The related set of equations is derived in the appendix and
reads as follows:
Table 1
Mooney–Rivlin parameters of the unaged elastomer, mass density and universal gas
constant.
c10[J/kg] c20 [J/kg] qR [kg/m3] R [J/mol K]
0.0005 0.0005 1000 8.314
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h
hR
c10ð1 qÞ k2  1k
 
þ c20ð1 qÞ k 1
k2
 
2 k2QA 
RA
k
þ kRB  QB
k2
 
ð55Þ
_QA ¼ gA0p
_k
k3
ð56Þ
_RA ¼ gA0p
_k
2
ð57Þ
_QB ¼ gB0pk _k ð58Þ
_RB ¼ gB0p
_k
2k2
ð59Þ
_q ¼ vqe
Eq
Rhð1 qÞ ð60Þ
_p ¼ vpe
Ep
Rhð1 pÞ ð61Þ
By means of these relations, the stress response of chemically age-
ing rubber can be simulated under arbitrary deformation and tem-
perature excitations.
The parameters in Table 1 belong to the virgin, unaged model
elastomer and those in Table 2 to different chemically ageing mod-
el elastomers. In order to investigate the physical consistency of
the theory, ﬁve different sets of material constants are used:
 Material 1: The newly created network is softer than the
unaged primary network; the thermochemical kinetics of the
chain-scission and crosslinking reactions are the same.
 Material 2: The newly created network is stiffer than the
unaged primary network; the thermochemical kinetics of the
chain-scission and crosslinking reactions are equal.
 Material 3: Both networks exhibit the same stiffness properties;
the thermochemical kinetics of the chain-scission and cross-
linking reactions are identical. This material has a practical rel-
evance when sulphur-cured rubber is ageing. If a sulphur
molecule at a certain position of the network breaks, it reforms
again in its vicinity and creates a new crosslink in a stress-free
state. Based on this mechanism, the total density of crosslinks
remains constant. However, the stress is relaxing due to the
continuous conversion of the primary stressed network into
the secondary stress-free network. Besides the stress relaxation
this material can exhibit a permanent set of 1.
 Material 4: Both networks possess identical stiffness proper-
ties; the thermochemical kinetics of the chain-scission and
crosslinking reactions are different.
 Material 5: The newly created network is signiﬁcantly stiffer
than the unaged primary network; the thermochemical kinetics
of the chain-scission and crosslinking reactions are different.Table 2
Parameters belonging to ﬁve different model materials.
Material number gA0 ½J=kg gB0 ½J=kg Eq[J
1 0.0003 0.0003 300
2 0.0007 0.0007 300
3 0.0005 0.0005 300
4 0.0005 0.0005 300
5 0.025 0.025 2804.4. Continuous relaxation
The continuous relaxation test at constant temperature is a
classic experiment which is carried out to investigate chemical
ageing behaviour. The stretch history has the following form:
kðtÞ ¼ 1þ ðk0  1Þ
t
T for 0 6 t 6 T
k0 for t > T

ð62Þ
The constant k0 is the stretch at which the long-term relaxation test
is carried out and T is a sufﬁcient small time which is needed to
raise the stretch. Under isothermal conditions, the solutions of
(60) and (61) can be calculated in closed form:
qðtÞ ¼ 1 eaqt ; aq ¼ vqe
Eq
Rh ð63Þ
pðtÞ ¼ 1 eapt ; ap ¼ vpe
Ep
Rh ð64Þ
In order to solve (56)–(59) for the auxiliary variables the following
two segments have to be distinguished:
(a) Loading segment: 0 6 t 6 T; _kðsÞ ¼ ðk0  1Þ=T holds in the
whole interval of integration./mol]
00
00
00
00
00QAðtÞ ¼ gA0
Z t
0
pðsÞ
_kðsÞ
k3ðsÞds
¼ gA0
k0  1
T
Z t
0
pðsÞ
ð1þ ðk0  1Þs=TÞ3
ds ð65ÞThe substitution s = Tx leads to:QAðtÞ ¼ gA0 ðk0  1Þ
Z t=T
0
pðTxÞ
ð1þ ðk0  1ÞxÞ3
dx
In view of the fact that T is small and the initial condition p(0) = 0 is
given, the following estimation holds:
jQAðtÞj 6 gA0 jk0  1jpðTÞ
Z 1
0
1
ð1þ ðk0  1ÞxÞ3
dx! 0 for T
! 0 and k0 ¼ const(b) Ageing segment: tP T; _kðsÞ ¼ ðk0  1Þ=T holds for 0 6 s 6 T
and _kðsÞ ¼ 0 for s > T.QAðtÞ¼ gA0
Z T
0
pðsÞ
_kðsÞ
k3ðsÞ ds¼ g
A
0
k01
T
Z T
0
pðsÞ
ð1þ ðk0  1Þs=TÞ3
ds
QAðtÞ ¼ gA0 ðk0  1Þ
Z 1
0
pðTxÞ
ð1þ ðk0  1ÞxÞ3
dx
ð66ÞSince T is small and p(0) = 0 applies, the same estimation as before
can be applied:Ep[J/mol] mq[1/s] mp[1/s]
30000 1011 1011
30000 1011 1011
30000 1011 1011
28000 5  1011 5  109
30000 5  1011 2  1011
Fig. 1. Continuous stress relaxation under different temperatures; materials 1, 2
and 3 exhibit the same responses because the properties of the degenerating
networks are equal.
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Z 1
0
pðTxÞ
ð1þ ðk0  1ÞxÞ3
dx! 0 for T ! 0
These calculations have shown that the variable QA which is speci-
ﬁed in (56) remains zero in the continuous relaxation test. Analo-
gous estimations can be carried out for RA, QB and RB which also
remain zero. Taking this as well as (55) into account, the stress
reads as follows:
rðtÞ ¼ qR
h
hR
ð1 qðtÞÞ c10 k20 
1
k0
 
þ c20 k0  1
k20
 ! !
ð67Þ
Inserting of relation (63) into the stress response (67) shows that
the stress relaxation is of the exponential type. The relaxation time
is nonlinearly temperature-dependent. The dependence of (67) on
the stretch is of the Mooney–Rivlin type. The second, newly formed
network whose evolution is modelled by (64) evolves indeed, but
has no inﬂuence on the stress relaxation behaviour.
Numerical simulations based on (67) are plotted for different
temperature levels in Fig. 1. The material constants which were
used are those of material 1 in Table 2. As it is seen, the entropy
elasticity and the temperature dependence of the typical duration
after which the stress decay becomes signiﬁcant are represented
by the constitutive model. A detailed discussion is carried out in
Section 5.
4.5. Intermittent relaxation
The intermittent relaxation test under constant temperature is
carried out to study the ageing behaviour of rubber under short-
term loadings. In this case, the specimen is isothermally aged for
a given duration ta without mechanical load. Then, it is stretched
up to k0 in a short time T and the stress response is measured.
The stretch history has the following form:
kðtÞ ¼
1 for 0 6 t 6 ta
1þ ðk0  1Þ ttaT for ta 6 t 6 ta þ T
k0 for t > ta þ T
8><>: ð68Þ
Since the evolution laws (60) and (61) do not depend on the defor-
mation, their solutions (63) and (64) are also applicable for the
intermittent relaxation test. With regard to the auxiliary variables
deﬁned by (56)–(59), three segments have to distinguished.(a) Ageing segment: 0 6 t 6 ta; k = 1 holds in the whole interval of
integration.
Since the material is not deformed during the isothermal age-
ing phase in which _k ¼ 0 applies, all four auxiliary variables
remain zero:QAðtÞ ¼ 0; RAðtÞ ¼ 0; QBðtÞ ¼ 0; RBðtÞ ¼ 0
Their values at the end of this phase are also zero and act as initial
values for the next segment in which the material is stretched.
(b) Loading segment: ta 6 t 6 ta + T; k(s) = 1 + (k0  1)(s  ta)/T,
_kðsÞ ¼ ðk0  1Þs=T hold in the whole time interval.
Since the duration T which is required to apply the stretch k0 is
short in comparison with the ageing phase, the variables q and p
can be assumed as constants in this time interval:
qðtÞ 	 qðtaÞ ¼ 1 e mqe
ðEq=RhÞð Þta ð69Þ
pðtÞ 	 pðtaÞ ¼ 1 e mpe
ðEp=RhÞð Þta ð70Þ
Under these assumptions, the auxiliary variables can be computed
in closed form:
QAðtÞ ¼
gA0pðtaÞ
2
ðkðtÞ2  1Þ; RAðtÞ ¼ g
A
0pðtaÞ
2
ðkðtÞ  1Þ
QBðtÞ ¼
gB0pðtaÞ
2
ðkðtÞ2  1Þ; RBðtÞ ¼ g
B
0pðtaÞ
2
ðkðtÞ1  1Þ
Inserting t = ta + T into these relations and considering k(ta + T) = k0,
the following relations are found:
QAðta þ TÞ ¼
gA0pðtaÞ
2
ðk20  1Þ; RAðta þ TÞ ¼
gA0pðtaÞ
2
ðk0  1Þ
QBðta þ TÞ ¼
gB0pðtaÞ
2
ðk20  1Þ; RBðta þ TÞ ¼
gB0pðtaÞ
2
k10  1
 (c) Holding segment: tP ta + T; _kðsÞ ¼ ðk0  1Þ=T holds for
ta 6 s 6 ta + T and _kðsÞ ¼ 0 for s > ta + T.
Carrying out similar calculations as before, it can be veriﬁed
that the following relations hold for tP ta + T, i.e. the auxiliary
variables remain constant when the time t is not much larger than
ta + T:
QAðtÞ ¼
gA0pðtaÞ
2
k20  1
 
; RAðtÞ ¼ g
A
0pðtaÞ
2
ðk0  1Þ ð71Þ
QBðtÞ ¼
gB0pðtaÞ
2
k20  1
 
; RBðtÞ ¼ g
B
0pðtaÞ
2
k10  1
  ð72Þ
Considering (55), (69) and (70) in combination with (71) and (72),
the stress response of the material during the intermittent relaxa-
tion test is written as follows:
rðtaÞ ¼ qR
h
hR
c1ðtaÞ k20 
1
k0
 
þ c2ðtaÞ k0  1
k20
 ! !
c1ðtaÞ ¼ ð1 qðtaÞÞc10 þ pðtaÞgA0
c2ðtaÞ ¼ ð1 qðtaÞÞc20 þ pðtaÞgB0
ð73Þ
Relation (73) corresponds to a hyperelastic Mooney–Rivlin model
whose coefﬁcients depend on the duration of the thermochemical
ageing process. During the intermittent relaxation test, the material
parameters are changing from c10, c20 which belong to the unaged
elastomer to gA0 ; g
B
0 which belong to the fully aged state.
In dependence on the temporal evolution of the chain-scission
and crosslinking reactions, the stiffness of the material can remain
constant, increase or decrease. The numerical simulations for dif-
ferent temperatures are plotted in Fig. 2 for material 1, in Fig. 3
Fig. 4. Intermittent relaxation behaviour of material 3 under different tempera-
tures. Since both the degenerating and the newly created network possess the same
stiffness properties and the same thermochemical kinetics no change in the stress is
observed.
Fig. 5. Intermittent relaxation curves of material 4 belonging to different temper-
atures. Due to the differences in the thermochemical kinetics of the degenerating
and the newly created network a non-monotonic behaviour is observed.
Fig. 2. Intermittent relaxation behaviour of material 1 under different tempera-
tures. Since the newly created network is softer than the degenerating network a
stress decrease is observed.
Fig. 3. Intermittent relaxation behaviour of material 2 under different tempera-
tures. Since the newly created network is stiffer than the degenerating network a
stress increase is observed.
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For the detailed discussion the reader is referred to Section 5.
4.6. Compression set
The compression set test is essential for elastomer applications
in sealing technology. Under constant temperature, the original
height of a stress-free specimen is hR. At ﬁrst, the specimen is com-
pressed during a short time interval T just until its height reaches
the value h0. Then, it is isothermally aged. The duration of the
ageing period is ta. After this, the load is removed and the specimen
springs back a little. Its ﬁnal length is denoted as h1. The compres-
sion set is deﬁned by the following ratio (see e.g. Smith, 1993):
CS ¼ hR  h1
hR  h0 ¼
1 h1=hR
1 h0=hR ¼
1 k1
1 k0 ð74Þ
The computation of this test in closed form is somewhat more com-
plicated because a mixed stretch/stress controlled excitation is
applied:kðtÞ ¼
1þ ðk0  1Þ tT for 0 6 t 6 T
k0 for T 6 t 6 ta þ T
k1 for t > ta þ T
8><>: ð75Þ
Since the loading segment in which the stretch is applied and the
ageing phase in which it is constant are the same as in the contin-
uous relaxation test, the temporal behaviour of the stress is given
by (67). The internal variables which describe the changes in the
networks are given by (63) and (64). At the end of the ageing phase,
the stress and the internal variables read as:
rðT þ taÞ ¼ qR
h
hR
ð1 qaÞ c10 k20 
1
k0
 
þ c20 k0  1
k20
 ! !
qðT þ taÞ ¼ 1 eðmqeðEq=RhÞÞðTþtaÞ ¼: qa ð76Þ
pðT þ taÞ ¼ 1 eðmpeðEp=RhÞÞðTþtaÞ ¼: pa ð77Þ
All auxiliary variables are zero at this instant:
Fig. 6. Compression set of material 1 belonging to different temperatures.
Fig. 7. Compression set of material 2 belonging to different temperatures.
Fig. 8. Compression set of material 3 belonging to different temperatures.
Fig. 9. Compression set of material 4 belonging to different temperatures.
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In the unloading segment of short duration Tr the stress is removed
such that the ﬁnal stretch of the specimen is k1. During this period,
the ageing variables do not change and keep their values as speci-
ﬁed in (76) and (77). The related changes in the auxiliary variables
can be calculated on the basis of relations (56)–(59):
QAðT þ ta þ TrÞ ¼ gA0pa
Z TþtaþTr
Tþta
_kðsÞ
kðsÞ3
ds
¼ g
A
0pa
2
Z TþtaþTr
Tþta
d
ds
kðsÞ2ds
¼ g
A
0pa
2
1
kðT þ ta þ TrÞ2
 1
kðT þ taÞ2
 !
¼ g
A
0pa
2
k21  k20
 
RAðT þ ta þ TrÞ ¼ g
A
0pa
2
ðk1  k0Þ
QBðT þ ta þ TrÞ ¼
gB0pa
2
k21  k20
 
RBðT þ ta þ TrÞ ¼ g
B
0pa
2
k11  k10
 
Inserting these ﬁndings in combination with the boundary condi-
tion r(T + ta + Tr) = 0 into (55) and rearranging terms leads to the
following expression which can be used to determine the ﬁnal
stretch value k1 at the end of the unloading process:
0 ¼ ð1 qaÞ c10 k21 
1
k1
 
þ c20 k1  1
k21
 ! !
þ pa gA0
k21
k20
 k0
k1
 !
þ gB0
k1
k0
 k
2
0
k21
 ! !
An uncomplicated calculation leads to the following polynomial
whose real-valued solution 0 < k1 < 1 was determined numerically
with the Banach ﬁxed point iteration:
0 ¼ ð1 qaÞc10 þ
pag
A
0
k20
 !
k21 þ ð1 qaÞc20 þ
pag
B
0
k0
 
k1
 ðð1 qaÞc10 þ pagA0k0Þ
1
k1
 ð1 qaÞc20 þ pagB0k20
  1
k21
ð78Þ
The simulations of the compression set for different temperatures
are shown in Fig. 6 for the parameters which correspond to material
1, in Fig. 7 for the parameters of material 2, in Fig. 8 for material 3
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pretation of these results are carried out in the next section.5. Discussion
In this work, a three-dimensional constitutive approach is
developed to represent the chemical ageing behaviour of rubber
under quasistatic long-term deformation and temperature histo-
ries. In continuum mechanics, the stress is often represented as
the sum of an equilibrium stress which determines the material
behaviour under inﬁnitely slow processes and an overstress which
is a rate-dependent functional of the deformation history (see e.g.
Haupt, 2002). In the developed model, the overstress is not consid-
ered because it typically acts on short time scales of quite a few
seconds, minutes or hours and scarcely affects the material behav-
iour under quasistatic long-term processes. Indeed, dynamic
mechanical analyses provided by Petrikova et al. (2011) document
that the stress response of styrene-butadiene rubber under short-
term loads is also inﬂuenced by chemical ageing. Since the material
behaviour of elastomers under quasistatic long-term excitations of
about several weeks, months or years is in the centre of the current
study, it is sufﬁcient to discuss chemical ageing in the context of
the equilibrium stress. Consequently, the well-known notation of
a time-independent equilibrium stress in the sense of Haupt
(2002) should only be applied when the duration of the thermome-
chanical process history is sufﬁciently short such that chemical
ageing is negligible. Other phenomena like the Payne– or the Mul-
lins-effect are not taken into account in the developed model.
The physical background of the developed model is based on
the established concept of two competing networks. The primary
network is degrading during the ageing process whereas the sec-
ond network is newly formed by crosslinking reactions. If the
deformation is temporally constant, the newly created network re-
mains free of stress in a certain approximation. In order to transfer
this concept to large, time-dependent, three-dimensional deforma-
tions two multiplicative decompositions of the deformation gradi-
ent are applied. The ﬁrst one splits the deformation gradient into
volumetric and isochoric parts. The second one introduces a split
of the isochoric part and deﬁnes a relative deformation gradient
which acts between the current and a previous conﬁguration.
Based on this idea, different strain tensors are deﬁned which are
required to formulate the constitutive equation for the speciﬁc
Helmholtz free energy. The relation for the stress tensor is derived
from the free energy under consideration of the Clausius–Duhem
inequality. Its ﬁrst contribution is determined by the volumetric
part of the deformation which is relatively small in the case of rub-
ber. The second part belongs to the original, degenerating network
and the third part to the newly formed network. For numerical
purposes, the third part is equivalently reformulated in terms of
linear differential equations which depend homogeneously on
the time rates of the correlated stress and strain tensors (cf. Hoss-
ain et al., 2008, 2009). The chain-scission and crosslinking reac-
tions are modelled by two additional variables. Their evolution
equations are capable to consider couplings between the reactions
as well as dependences on the temperature and the deformation.
In order to point out the physical signiﬁcance of the developed
theory, closed form solutions were derived for continuous and
intermittent relaxation experiments as well as for permanent set
tests. To this end, both networks are assumed to be of the Moo-
ney–Rivlin type and depend on the chemical ageing process. The
associated evolution equations representing the chain-scission
and crosslinking reactions are given by linear differential equations
with temperature dependences of the Arrhenius type. Performing
numerical computations with different sets of material constants,
the temperature-dependent chemical ageing behaviour of differentmodel materials is simulated. The material parameters were moti-
vated from experimental studies in literature.
In Fig. 1, the continuous stress relaxation is plotted as function
of time under the assumption of incompressibility. Since the
mechanical material properties of the original networks and the
thermochemical kinetics of the chain-scission reactions of materi-
als 1, 2 and 3 are the same, their stress responses are equal. Both
the linear temperature-dependent entropy elasticity and the pro-
nounced nonlinear temperature dependence of the stress decay
are represented. If the temperature is sufﬁciently high and the
duration of the test is sufﬁciently long, the stress relaxes asymptot-
ically to zero. Corresponding experimental data is provided, for
example, by Duarte and Achenbach (2007), Johlitz et al. (2011) or
Steinke et al. (2011). Owing to the assumption of incompressibility,
the creation of the second network does not affect the relaxation
behaviour.
More noteworthy behaviour is observed in the simulations of
the intermittent relaxation tests plotted in Figs. 2–5. If the newly
created network is softer (material 1, Fig. 2) or stiffer (material 2,
Fig. 3) in comparison with the primary network and the thermo-
chemical kinetics of the chain-scission and crosslinking reactions
are similar, a stress decrease or increase can be observed. Related
experimental data is provided by Stern and Tobolsky (1946),
Minoura and Kamagata (1969) or Baaser and Ziegler (2006). If both
the degenerating and the newly created network possess the same
mechanical material properties and are described by identical
thermochemical kinetics (material 3, Table 2), a continuous relax-
ation takes place as shown in Fig. 1 but the intermittent relaxation
test displays no change in the stress (see Fig. 4). The physical inter-
pretation can be given as follows: if a molecule of the original net-
work breaks, it forms a new crosslink in its vicinity in a stress-free
state such that the entire number of crosslinks remains constant.
Therefore, the stress remains also constant in the intermittent
relaxation test but lessens in the continuous test. Corresponding
experiments on polysulﬁde rubber as well as a more detailed phys-
ical interpretation is provided by Stern and Tobolsky (1946).
If the thermochemical kinetics of the chain-scission and cross-
linking reactions are different, the intermittent relaxation test
can exhibit a rather complicated non-monotonic behaviour: the
elastomer can ﬁrstly soften and then stiffen or vice versa (see
Fig. 5). Decreasing, increasing and non-monotonic intermittent
relaxation test data of different elastomers is provided and physi-
cally interpreted by Tobolsky (1967) or Minoura and Kamagata
(1969).
The compression set responses which belong to the different
incompressible model elastomers are also computed to display
the physical signiﬁcance of the theory. In the simulations shown
for material 1 in Fig. 6, the newly created network is softer than
the original one; this leads to a CS-value of approximately 0.2 after
1000 h of isothermal ageing at 90C. If the newly created network
is stiffer than the original one, the corresponding CS-value for
material 2 is about 0.4 (see Fig. 7) and if both networks exhibit
similar stiffness properties, the CS-value of material 3 is about
0.3 (see Fig. 8). The simulation of material 4 which is plotted in
Fig. 9 leads to a CS-value of nearly 0.6 after 1000 h ageing at
90C. The physical explanation for this relative large value is the
smaller activation energy of the crosslinking process. Experimental
studies of the compression set behaviour of carbon black-ﬁlled
elastomers as well as further references in this context can be
found, for example, in Mostafa et al. (2009).
In order to consider stress – and ageing-induced changes in vol-
ume, the geometric constraint of incompressibility is replaced by
the assumption of near incompressibility. The volumetric part of
the speciﬁc free energy is assumed to depend on the volumetric
strains and on the internal variables describing the crosslinking
and chain-scission reactions. This change is realised in a simple
Fig. 11. Inﬂuence of the ageing-induced change in volume of material 5 to the
stress response in the continuous relaxation test.
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behaviour, this model is evaluated under uniaxial tension. To this
end, relations (34), (42), (51) and (52) are taken as starting point,
the volumetric part of the free energy is represented by (39) and
the Cauchy stress is calculated using (38):
T
qR
¼ @wvol
@J
1þ h
hR
ð1 qÞ

J5=3c10B
D  J1=3c20ðB1ÞD

2
J
F P
4
A
eQ A þ P4 B eQ B FT
In the case of tension/compression loads, the structure of the Cauchy
stress tensor is given by (A.31) and the deformation gradient by
(A.9). In order to solve this problem, the assumption of small volu-
metric deformations is applied in the form of J = 1 + evol with
jevolj 
 1. In the appendix, the differential equations determining
the current values of the volumetric strain and the axial component
of the Cauchy stress are derived and read as follows:
_r ¼ qR
h
hR
bð1 qÞ  gA0 þ gB0
 
p
 
_evol  _qðaþ bevolÞ
  ð79Þ
_evol ¼  ð3hRhþ hðaþ bevolÞÞ
_qþ 3hRk _p
3hRdþ h gA0 þ gB0
 
p bð1 qÞ  ð80Þ
a ¼ c10 k20  k10
 þc20 k0  k20 ; b ¼ c10 2k10  5k20 þ c20 k20 4k0 3 ð81Þ
The isothermal solutions for the internal state variables q and p are
given by (63) and (64).
Numerical simulations with respect to the inﬂuence of ageing-
induced volume changes to the continuous relaxation behaviour
were carried out on the basis of (79) and (80) in combination with
the parameters of material 5 in Table 2, d = 5 J/kg, h = 0 and
k = 0.25 J/kg. Under this assumption, the secondary newly created
network is much stiffer than the initial one. In Fig. 10, the age-
ing-induced volume change is plotted for different temperatures
as function of the time. Owing to the assumed parameter values,
shrinkage of about 5% happens. Its inﬂuence to the temporal evo-
lution of the stress response under constant axial stretch of
k0 = 1.3 is plotted in Fig. 11. As can be seen, the shrinkage in vol-
ume leads to an increase in the stress during the relaxation pro-
cess. Further simulations demonstrate that the amount of the
stress increase becomes less or more pronounced when the sec-
ondary network is weaker or stiffer.Fig. 10. Ageing-induced change in volume of material 5 in the continuous
relaxation test.6. Conclusions
The three-dimensional constitutive theory to describe the
chemical ageing behaviour of rubber which has been developed
in this essay allows the representation of a large number of rele-
vant phenomena: continuous and intermittent stress relaxation
as well as permanent set and ageing-induced changes in the spe-
ciﬁc volume. The simulated responses of the theory are physically
reasonable for different model materials and can be easily under-
stood. In future, the material parameters, the evolution equations
for the thermochemical ageing reactions and the material func-
tions of the model have to be determined such that the tempera-
ture-dependent chemical ageing behaviour of industrial relevant
rubber compounds can be simulated in a qualitative and quantita-
tive manner. The fact, that the developed approach allows the cal-
culation of the stress responses under continuous and intermittent
relaxation as well as of the permanent set in closed form, simpliﬁes
the identiﬁcation procedure extremely. In order to consider phys-
ical ageing effects as well as the inﬂuence of chemical ageing to
the dynamic mechanical material behaviour under short-term
loads, the proposed model can straightforwardly be extended by
an additive thermoviscoelastic part.Acknowledgement
The authors express their gratitude to the reviewers for helpful
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A.1. Uniaxial version of the incompressible formulation of the model
In order to derive the uniaxial version of the constitutive model
for tension/compression, the incompressibility constraint
J = detF = 1 is assumed and the following argumentation holds:
Cauchy stress:
T ¼ re*1  e
*
1 ðA:1Þ
Deformation gradient:
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*
1 þ k1=2 e
*
2  e
*
2 þ e
*
3  e
*
3
	 

ðA:2Þ
Cauchy–Green tensors:
C ¼ B ¼ k2 e*1  e
*
1 þ k1 e
*
2  e
*
2 þ e
*
3  e
*
3
	 

Green strain:
E ¼ 1
2
ðk2  1Þe*1  e
*
1 þ ðk1  1Þ e
*
2  e
*
2 þ e
*
3  e
*
3
	 
	 

_E ¼
_k
2
2ke
*
1  e
*
1  k2 e
*
2  e
*
2 þ e
*
3  e
*
3
	 
	 

Piola strain:
e ¼ 1
2
ðk2  1Þe*1  e
*
1 þ ðk 1Þ e
*
2  e
*
2 þ e
*
3  e
*
3
	 
	 

_e ¼
_k
2
2k3 e*1  e
*
1 þ e
*
2  e
*
2 þ e
*
3  e
*
3
	 
	 

Auxiliary variables:
QA ¼ QA e
*
1  e
*
1 þ RA e
*
2  e
*
2 þ e
*
3  e
*
3
	 
	 

Q B ¼ QB e
*
1  e
*
1 þ RB e
*
2  e
*
2 þ e
*
3  e
*
3
	 
	 

First projection tensor:
P
4
AQA ¼ QA 
1
3
QA  Cð ÞC1
P
4
AQA ¼
2
3
QA 
RA
k3
 
e
*
1  e
*
1  13 k
3QA  RA
 
e
*
2  e
*
2 þ e
*
3  e
*
3
	 

F P
4
AQA
 
FT ¼ k2QA 
RA
k
 
2
3
e
*
1  e
*
1  13 e
*
2  e
*
2 þ e
*
3  e
*
3
	 
 Second projection tensor:P
4
BQ B ¼ C1Q BC1 þ
1
3
Q B  C1
	 

C1
P
4
BQ B ¼
2
3
RB
k
 QB
k4
 
e
*
1  e
*
1  13 k
2RB  QBk
 
e
*
2  e
*
2 þ e
*
3  e
*
3
	 

F P
4
BQ B
 
FT ¼ kRB  QB
k2
 
2
3
e
*
1  e
*
1  13 e
*
2  e
*
2 þ e
*
3  e
*
3
	 
 Extra stress:FeTEFT ¼ qR hhR c1ðqÞ B B  1ð Þ3 1
 
 c2ðqÞ B1 
B1  1
	 

3
1
0@ 1A0@
2F P
4
A
eQ A þ P4 B eQ B FT
Deviator of the left Cauchy Green tensor and of its inverse:
B ðB  1Þ
3
1 ¼ k2  1
k
 
2
3
e
*
1  e
*
1  13 e
*
2  e
*
2 þ e
*
3  e
*
3
	 
 
B1  ðB
1  1Þ
3
1 ¼ 1
k2
 k
 
2
3
e
*
1  e
*
1  13 e
*
2  e
*
2 þ e
*
3  e
*
3
	 
 
Cauchy stress tensor:T ¼ pinc e
*
1  e
*
1 þ e
*
2  e
*
2 þ e
*
3  e
*
3
	 

þ qR
h
hR
c1ðqÞ k2  1k
 
þ c2ðqÞ k 1
k2
 
 2 k2QA 
RA
k
þ kRB  QB
k2
 
2
3
e
*
1e
*
1  13 e
*
2e
*
2 þ e
*
3e
*
3
	 
 
r ¼ pinc þ qR
2h
3hR
c1ðqÞ k2  1k
 
þ c2ðqÞ k 1
k2
 
2 k2QA 
RA
k
þ kRB  QB
k2
 
0 ¼ pinc  qR
h
3hR
c1ðqÞ k2  1k
 
þ c2ðqÞ k 1
k2
 
2 k2QA 
RA
k
þ kRB  QB
k2
 
Tension/compression stress:
r ¼ qR
h
hR
c1ðqÞ k2  1k
 
þ c2ðqÞ k 1
k2
 
 2 k2QA 
RA
k
þ kRB  QB
k2
  
ðA:3Þ
Auxiliary variables:
_eQ A ¼ gAþðpÞ _e
_QA e
*
1  e
*
1 þ _RA e
*
2  e
*
2 þ e
*
3  e
*
3
	 

¼
_kgAþðpÞ
2
2k3 e*1  e
*
1 þ e
*
2  e
*
2 þ e
*
3  e
*
3
	 
	 

_QA ¼ gAþðpÞ
_k
k3
ðA:4Þ
_RA ¼ gAþðpÞ
_k
2
ðA:5Þ
_eQ B ¼ gBþðpÞ _E
_QB e
*
1  e
*
1 þ _RB e
*
2  e
*
2 þ e
*
3  e
*
3
	 

¼
_kgBþðpÞ
2
2ke
*
1  e
*
1  k2 e
*
2  e
*
2 þ e
*
3  e
*
3
	 
	 

_QB ¼ _kkgBþðpÞ ðA:6Þ
_RB ¼ gBþðpÞ
_k
2k2
ðA:7ÞA.2. Uniaxial version of the compressible formulation of the model for
continuous relaxation
In order to derive the uniaxial formulation of the model for ten-
sion/compression, the material is assumed to be nearly incom-
pressible such that J 	 1 holds:
J ¼ 1þ evol; jevolj 
 1) Jn ¼ ð1þ evolÞn 	 1þ nevol ðA:8Þ
Based on this assumption, the constitutive equations can be geomet-
rically linearized. When the constant longitudinal stretch is denoted
as k0 and the time-dependent lateral stretch as klat the deformation
gradient and its unimodular part read as follows:
F ¼ k0 e
*
1  e
*
1 þ klat e
*
2  e
*
2 þ e
*
3  e
*
3
	 

; J ¼ k0k2lat
bF ¼ J1=3F ¼ k0
klat
 2=3
e
*
1  e
*
1 þ k0klat
 1=3
e
*
2  e
*
2 þ e
*
3  e
*
3
	 

ðA:9Þ
Application of (A.8) leads to the geometric linearization of the lat-
eral stretch:
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ﬃﬃﬃﬃﬃ
J
k0
s
	 1ﬃﬃﬃﬃﬃ
k0
p 1þ 1
2
evol
 
In order to linearize the kinematic tensors, some deﬁnitions are
introduced:
N ¼ e*1  e
*
1  12 e
*
2  e
*
2 þ e
*
3  e
*
3
	 

ðA:10Þ
F0 ¼ k0 e
*
1  e
*
1 þ k1=20 e
*
2  e
*
2 þ e
*
3  e
*
3
	 

ðA:11Þ
B0 ¼ F0FT0 ðA:12Þ
C0 ¼ FT0F0 ðA:13Þ
Using these relations and deﬁnitions, the following linear approxi-
mations hold for jevolj 
 1:bF 	 F0 1 evol3 N	 

F 	 F0 1þ evol3 1 Nð Þ
	 

B ¼ FFT 	 B0 1þ 23 evolð1 NÞ
 
BD ¼ B 1
3
ðB  1Þ1 	 BD0 
2
3
k10 evolN
BD0 ¼
2
3
k20  k10
 
N ðA:14Þ
J5=3BD 	 BD0 
evol
3
5BD0 þ 2k10 N
	 

ðA:15Þ
B1 	 B10 1
2
3
evolð1 NÞ
 
ðB1ÞD ¼ B1  1
3
ðB1  1Þ1 	 B10
	 
D
þ 2
3
k0evolN
B10
	 
D
¼ 2
3
k20  k0
 
N ðA:16Þ
J1=3ðB1ÞD 	 B10
	 
D
 evol
3
B10
	 
D
 2k0N
 
ðA:17Þ
bC ¼ bFTbF 	 C0 1 23 evolN
 
bC1 ¼ C10 1þ 23 evolN
 
bE 0ðsÞ ¼ d
ds
1
2
ðbCðsÞ  1Þ 	 1
3
NC0e0volðsÞ ðA:18Þ
e^0ðsÞ ¼ d
ds
1
2
ðbC1ðsÞ  1Þ 	 1
3
NC10 e
0
volðsÞ ðA:19Þ
Considering (36), (37), (A.18) and (A.19) in combination with the
two abbreviations
xAðtÞ ¼
Z t
0
gAþðpðsÞÞe0volðsÞds; ðA:20Þ
xBðtÞ ¼
Z t
0
gBþðpðsÞÞe0volðsÞds; ðA:21Þ
the following relations are obtained for the auxiliary variables:
eQ AðtÞ 	 13NC10 xAðtÞ () _eQ A ¼ 13NC10 _xA ðA:22Þ
eQ BðtÞ 	 13NC0xBðtÞ () _eQ B ¼ 13NC0 _xB ðA:23Þ
The tensors which are computed by (A.22) and (A.23) are linear
functionals of the volumetric strain evol which is introduced in
(A.8). Considering the deﬁnitions
P
4
A0 ¼ ð1 1ÞT23  13C
1
0  C0 ðA:24Þ
P
4
B0 ¼  C10  C10
	 
T23
 1
3
C10  C10
 
ðA:25Þas well as (10) and (11), the following approximations can be
derived:
P
4
A
eQ A 	 P4 A0 eQ A ¼ 13C10 NxA ) 1J F P4 A eQ A
 
FT 	 1
3
NxA ðA:26Þ
P
4
B
eQ B 	 P4 B0 eQ B ¼ 13C10 NxB ) 1J F P4 B eQ B
 
FT 	 1
3
NxB ðA:27Þ
Taking (34), (38), (42) and (43) into account the geometric nonlin-
ear relation for the Cauchy stress tensor is given by the following
expression:
T
qR
¼ @wvol
@J
1þ h
hR
ð1 qÞ J5=3c10BD  J1=3c20ðB1ÞD
	 

 2
J
F P
4
A
eQ A þ P4 B eQ B FT 
Inserting the constitutive assumptions (39) and (51)–(54) in combi-
nation with (A.14–A.17), (A.26) and (A.27) into this expression, the
linearization of the Cauchy stress with respect to evol is the sum of a
hydrostatic part and a deviator and reads as:
T ¼ qRðdevol þ hqþ kpÞ1
þ 2
3
qR
h
hR
ð1 qÞ c10 k20  k10
  c20 k20  k0  N
 1
3
qR
h
hR
ð1 qÞ c10 103 k
2
0  k10
 þ 2k10 
c20 23 k
2
0 k0
 2k0 Nevol  23qR hhR ðxA þ xBÞN ðA:28Þ
The internal variables q and p can be calculated by numerical integra-
tion of the evolution Eqs. (60) and (61) or by their exact solutions (63)
and (64) for isothermal processes. The auxiliary variables xA and xB
can be computed via
_xA ¼ gA0pðtÞ _evol ðA:29Þ
_xB ¼ gB0pðtÞ _evol: ðA:30Þ
Relations (A.28)–(A.30) in combination with the representation of
the Cauchy stress tensor for uniaxial tension/compression
T ¼ re*1  e
*
1 ðA:31Þ
can be used to calculate both the axial stress r(t) and the volumetric
strain evol(t) during the continuous relaxation test under constant
temperature and constant axial stretch:
rðtÞ ¼ qR
h
hR
ð1 qðtÞÞ c10 k20  k10
 þ c20 k0  k20  
 qR
h
hR
ðxAðtÞ þ xBðtÞÞ þ qR
h
hR
ð1 qðtÞÞ
c10 2k10  5k20
 þ c20 k20  4k0 
3
evolðtÞ ðA:32Þ
0 ¼ 3ðdevolðtÞ þ hqðtÞ þ kpðtÞÞ  hhR ð1 qðtÞÞ
c10 k
2
0  k10
 þ c20 k0  k20   hhR ð1 qðtÞÞ
c10 2k10  5k20
 þ c20 k20  4k0 
3
evolðtÞ
þ h
hR
ðxAðtÞ þ xBðtÞÞ ðA:33Þ
If (A.32) and (A.33) are differentiated with respect to time and (A.29)
as well as (A.30) are considered, xA and xB can be eliminated. The dif-
ferential equations which have to be solved to calculate the contin-
uous stress relaxation and the volume change read as follows:
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h
hR
bð1 qÞ  gA0 þ gB0
 
p
 
_evol  _qðaþ bevolÞ
  ðA:34Þ
_evol ¼ 
hþ 13 hhR ðaþ bevolÞ
	 

_qþ k _p
dþ 13 hhR gA0 þ gB0
 
p bð1 qÞ  ðA:35Þ
a ¼ c10 k20  k10
 þ c20 k0  k20 ;
b ¼ c10 2k
1
0  5k20
 þ c20 k20  4k0 
3
ðA:36Þ
The initial conditions for the axial stress and the volumetric strain
are determined by (A.32) and (A.33) under consideration of the ini-
tial conditions q(0) = 0, p(0) = 0, xA(0) = 0 and xB(0) = 0 for the inter-
nal variables:
rð0Þ ¼ qR
h
hR
ðaþ bevolð0ÞÞ; evolð0Þ ¼ ha3hRd hb ðA:37Þ
In order solve (A.34) and (A.35) numerically in huge time intervals,
the transformation
t ¼ tðzÞ ¼ tmin tmaxtmin
 z
) t0ðzÞ ¼ dt
dz
¼ ln tmax
tmin
 
tmin
tmax
tmin
 z
ðA:38Þ
has been applied. The two constants tmin and tmax deﬁne the lower
and upper limits of the time domain and 0 6 z 6 1 is the new vari-
able of integration.
rðtÞ ¼ rðtðzÞÞ ¼: r^ðzÞ ) r^0 ¼ d
dz
r^ðzÞ ¼ d
dt
rðtÞ
 
t0ðzÞ
¼ _rt0 ðA:39Þ
Based on (A.39), both relations (A.34) and (A.35) can easily be
reformulated
~r0ðzÞ ¼ qR
h
hR
bð1 qÞ  gA0 þ gB0
 
p
 
~e0vol  t0ðzÞ _qðaþ b~evolÞ
  ðA:40Þ
~e0volðzÞ ¼ t0ðzÞ
hþ 13 hhR ðaþ b~evolÞ
	 

_qþ k _p
dþ 13 hhR gA0 þ gB0
 
p bð1 qÞ  ðA:41Þ
The numerical solution of these equations has been made with the
MATLAB routine ODE45.
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